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Compact objects have an intrinsic anisotropy due to the presence of strong magnetic fields that
cause considerable modifications on the equations of state (EoS). In this work, we study the impact
of this anisotropy in the size and shape of magnetized strange quark stars using an axially symmetric
metric in spherical coordinates, the gamma-metric. The results are compared with those obtained
with the standard Tolman-Oppenheimer-Volkoff (TOV) equations for the parallel and perpendicular
pressures independently. Differences in the results are discussed.
I. INTRODUCTION
It is hypothesized that individual neutrons in a neutron
star under a regimen of strong gravity, break down into
their constituent quarks (up and down), forming what is
known as quark matter. A specific kind of quark mat-
ter is known as strange quark matter (SQM) and it is
formed when quarks up and down transform into strange
quarks. SQM is speculated to be the stable ground state
of strong-interaction matter (Bodmer-Witten’s conjec-
ture) [1? ]. This is only possible for high densities, so
the most likely place to find strange quark matter in na-
ture would be inside neutron stars cores. Quark stars
made of strange quark matter are called strange stars
(SSs) and were first proposed by [3] when he suggested
the idea of a star composed by 3-flavour quark matter.
Nowadays, astronomers are still searching for evidence
of strange stars. Observations released by the Chandra
X-ray Observatory detected two possible candidates: RX
J1856.5-3754 and 3C58 [4].
On the other hand, magnetic fields are present in al-
most all stars during their evolution, becoming huge in
their final stage. In the case of neutron stars, observed
surface magnetic fields range from 109 to 1015 G [5, 6],
while their inner magnetic fields might be as high as
5×1018 G [7]. Although the inner magnetic fields cannot
be observed directly, their bounds can be estimated with
theoretical models based on macroscopic and microscopic
considerations [8].
A magnetic field acting on a fermion gas breaks the
spherical symmetry and produces an anisotropy in the
quantum-statistical average of the energy-momentum
tensor. The effect of this anisotropy is the splitting of
the pressure into two components, one along the mag-
netic field —the parallel pressure P‖—and another in the
transverse direction —the perpendicular pressure P⊥—,
so that Tµν = diag(−E,P⊥, P⊥, P‖). Consequently, a
gas of fermions under the action of a constant and uni-
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form magnetic field has an anisotropic—axially symmet-
ric—equation of state [9]. For this reason, when modeling
the structure of magnetized compact objects, one should
consider axial symmetry instead of the spherical symme-
try used when solving the Tolman-Oppenheimer-Volkoff
(TOV) equations.
In this work, we compare the size and shape of magne-
tized strange quark stars using two different sets of struc-
ture equations, to study the magnetic field effects in their
masses and radii. In Sections II and III we revisited the
studies for magnetized SQM performed in [10]. Section
II presents magnetized SSs EoS and discuss the magnetic
field effects on the energy density and pressure while sec-
tion III shows TOV solutions. The anisotropic struc-
ture equations [11] are presented in Section IV with their
corresponding numerical results for magnetized strange
stars. Concluding remarks are given in Section V.
II. EOS FOR MAGNETIZED STRANGE
QUARK STARS
A pure SS is a compact object (CO) exclusively com-
posed by strange quark matter and electrons. To describe
quarks in the interior of the star we use the phenomeno-
logical MIT Bag model [12]. In this model, quarks are
assumed as quasi-free particles confined into a “bag”
that reproduces the asymptotic freedom and confinement
through the Bbag parameter. In addition, the star is un-
der the action of a uniform and constant magnetic field
oriented in the z direction B = (0, 0, B).
The pressure and the energy density of the magnetized
gas of quarks and electrons, are obtained from the ther-
modynamical potential[13]
Ωf (B,µf , T ) = −efdfB
β
∫ ∞
−∞
dp3
4pi2
∞∑
l=0
gl
×
∑
p4
ln
[
(p4 + iµf )
2 + ε2lf
]
, (1)
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2where l stands for the Landau levels, df is the flavour
degeneracy factor1 and gl = 2 − δl0 include the spin de-
generacy of the fermions for l 6= 0. Moreover, β is the
inverse of the absolute temperature T , µf , mf and ef
are the chemical potential, mass and charge of particles
respectively. The spectrum of the charged fermions in
the magnetic field is εlf =
√
p23 + 2|efB|l +m2f 2.
Eq. (1) can be divided in two contributions:
Ωf (B,µf , T ) = Ω
vac
f (B, 0, 0) + Ω
st
f (B,µf , T ), (2)
with
Ωvacf (B, 0, 0) = −
efdfB
2pi2
∫ ∞
0
dp3
∞∑
l=0
glεlf , (3)
Ωstf (B,µf , T ) = −
efdfB
2pi2β
∫ ∞
0
dp3
∞∑
l=0
gl ln
[
1 + e−β(εlf±µf )
]
.(4)
The vacuum contribution in Eq. (3) does not depend
on the chemical potential nor on the temperature and
presents an ultraviolet divergence that must be renor-
malized [14], resulting in
Ωvacf (B, 0, 0) =
dfm
4
f
24pi2
(
B
Bcf
)2
ln
B
Bcf
. (5)
In Eq. (5) Bcf = m
2
f/ef is the critical magnetic field
(Schwinger field)3. For electrons Bce ∼ 1013 G while for
quarks up, down and strange we have Bcu ∼ 1015 G,
Bcd ∼ 1016 G and Bcs ∼ 1019 G, respectively.
COs have temperatures much smaller than the Fermi
temperature of the gases that compose them. Hence, a
good approximation is to compute the thermodynamical
potential of these gases in the degenerate limit (T→ 0)
[15, 16]. In that case, the statistical term becomes
Ωstf (B,µf , 0) = −
efdfB
2pi2
∫ ∞
0
dp3
∞∑
l=0
glΘ(µf − εlf ), (6)
where Θ(ζ) is the unit step function. From Eq. (6), we
obtain
Ωstf (B,µf , 0) = −
efdfB
4pi2
lmax∑
0
gl
[
µfp
l
f
− (ε0f )2ln
(
µf + p
l
f
ε0f
)]
, (7)
where plf =
√
µ2f − (ε0f )2, ε0f =
√
m2f + 2qBl and lmax =
I[
µ2f−m2f
2efB
]. I[z] denotes the integer part of z.
1 de = 1 and du,d,s = 3
2 f = e, u, d, s stands for electron and each quark flavour
3 The magnetic field at which the cyclotron energy of the particles
is comparable to their rest mass.
The vacuum contribution in Eq. (5) can be neglected
when is compared to the statistical one in Eq. (7), given
the high fermionic densities. Therefore, the thermody-
namical potential of the degenerate fermion system can
be approximated to Ωf (B,µf , 0) = Ω
st
f (B,µf , 0).
Strange quark matter inside the star must be in stellar
equilibrium. So, we impose β equilibrium, charge neu-
trality and baryon number conservation to the system in
terms of the particle density Nf = −∂Ωf/∂µf and the
chemical potentials. These conditions are
µu + µe − µd = 0 , µd − µs = 0, (8a)
2Nu −Nd −Ns − 3Ne = 0, (8b)
Nu +Nd +Ns − 3NB = 0. (8c)
With these considerations, the magnetized SSs EoS be-
come
E =
∑
f
[Ωf + µfNf ] +Bbag +
B2
8pi
, (9a)
P‖ = −
∑
f
Ωf −Bbag − B
2
8pi
, (9b)
P⊥ = −
∑
f
[Ωf +BMf ]−Bbag + B
2
8pi
, (9c)
where Mf = −∂Ωf/∂B is the magnetization. The last
term in Eqs. (9) is the Maxwell contribution to the
pressures and the energy density PB⊥ = E
B = −PB‖ =
B2/8pi. We consider Bbag = 75 MeV fm
−3 which guaran-
tees the stability of SQM at B = 0, for a strange quark
mass of 150 MeV and baryon density of 2.18 fm−3 [10].
A more realistic approach should also take into account
the Bbag dependence with the magnetic field.
Fig. 1 shows Eqs. (9) at B = 0, B = 5 × 1017 G
and B = 1018 G [17]. Note that at higher values of the
magnetic field, the difference between the perpendicular
and parallel pressures is more appreciable.
III. MAGNETIZED STRANGE STARS TOV
SOLUTIONS
A first step to evaluate the impact of anisotropic pres-
sures in the SSs structure is to use the magnetized
EoS, obtained in the previous section, to solve standard
isotropic TOV equations for each pressure component
separately. TOV equations are
dM
dr
= 4piEr2, (10a)
dP
dr
= − (E + P )(4piPr
3 +M)
r2(1− 2Mr )
, (10b)
where M(r) is the mass enclosed in a spherical shell of
radius r inside the star. In order to obtain the sequence of
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Figure 1. EoS for magnetized SSs at fixed values of the mag-
netic field B = 0 , B = 5× 1017 G and B = 1018 G.
stable stars given a specific EoS, Eqs. (10) are integrated
until the condition P (R) = 0 is achieved, being R the
radius of the star.
In Fig. 2 we present the mass-radii curves obtained
considering the pairs (E,P‖) and (E,P⊥) as indepen-
dent EoS. The non-magnetized curve is also plotted for
comparison [18]. Using one pressure or the other leads to
different mass-radii relations, whose differences increase
with the magnetic field.
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Figure 2. Isotropic TOV equations solutions for the per-
pendicular and parallel pressures independently at B = 0 ,
B = 5× 1017 G and B = 1018 G.
As we can see in Fig. 2, higher pressures give bigger and
more massive stars. Also, for a given mass, the difference
in the stars size is larger for heavier stars. This suggests
that more massive stars will have a greater deformation.
IV. γ-METRIC STRUCTURE EQUATIONS
TOV equations, derived from spherical symmetry, are
compatible with anisotropic EoS with different tangen-
tial and radial pressure4[19]. Nevertheless, the magnetic
anisotropy can not accommodate to the spherical symme-
try. So, it is an imperative to derive structure equations
within axial symmetry. To include such an effect we use
the γ–structure equations obtained in [11]
dM
dr
= 4pir2
(E‖ + E⊥)
2
γ, (11a)
dP‖
dz
=
1
γ
dP‖
dr
= − (E‖ + P‖)[
r
2 + 4pir
3P‖ − r2 (1− 2Mr )γ ]
γr2(1− 2Mr )γ
,(11b)
dP⊥
dr
= − (E⊥ + P⊥)[
r
2 + 4pir
3P⊥ − r2 (1− 2Mr )γ ]
r2(1− 2Mr )γ
,(11c)
which describe the variation of the mass and the pres-
sures with the spatial coordinates r, z for an anisotropic
axially symmetric compact object as long as the param-
eter γ = z/r = P‖0/P⊥0, where P‖0 and P⊥0 are the star
central pressures, is close to one.
Note that Eqs. (11) are coupled through the depen-
dence with the energy density and the mass. When set-
ting B= 0, the model automatically yields P⊥ = P‖
and γ = 1. This means that we recover the spheri-
cal TOV equations from Eqs. (11) and thus, the stan-
dard non-magnetized solution for the structure of COs.
Eq. (11) have been used before to describe magnetized
Bose-Einstein Condensate (BEC) stars and white dwarfs
[11, 20].
Since γ ' 1 is a requirement to obtain Eqs. (11), we
first need to check if they can be used to obtain the mass-
radii curve for our EoS. Fig. 3 shows the γ parameter as a
function of the central energy density. For B= 1018 G, γ
is out of the approximation range allowed by the model,
γ ' 1, so this value won’t be considered in the next
calculations, in which we only use B = 5× 1017 G.
A. Magnetized Strange Stars numerical results
In this section we compare the results of integrating
Eqs. (11) for the EoS of magnetized SSs with those ob-
tained in Sec. III with TOV equations. Fig. 4 displays
the solutions of Eqs. (10) and Eqs.(11) for B = 5×1017 G
compared to the non-magnetized solution. Unlike TOV
equations, Eqs. (11) allow us to model the star as a
spheroidal with an equatorial radius R and a polar ra-
dius Z, i.e. the M − R and M − Z curves correspond
4 Actually, isotropic EoS is the simplest assumption to obtain hy-
drostatic equilibrium equation.
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Figure 3. γ parameter as a function of central energy density.
to an unique sequence of stable stars, while the M −R⊥
and the M −R‖ ones stand for two different sequences.
From the upper panel of Fig. 4 we see that the stars
obtained with Eqs. (11) are oblate objects (R > Z), as
expected from TOV solutions, where R⊥ > R‖. However,
on the contrary of what happens with TOV solutions,
for which the difference between R⊥ and R‖ increases
with the mass, the deformation of γ–structure equations
solutions -the distance between R and Z- decreases with
the mass.
Note also from the lower panel in Fig. 4 that solutions
of Eqs. (11) give higher masses than the non-magnetized
case for all central densities. This is a particular feature
of SSs since for other magnetized compact objects stud-
ied with Eqs. (11) the maximum mass decrease with
B [11, 20]. The increase of the star‘s mass with the
magnetic field might be related to the EoS and/or to
the γ–structure equations. The study of this issue is in
progress.
V. CONCLUSIONS
We have studied the structure of magnetized strange
stars by solving TOV equations for each pressure, P⊥
and P‖, independently, and a generalized structure set
of equations, proposed in [11]. Since TOV equations can
not take into account the joint effect of the anisotropic
pressures, their solutions only give a rough idea of how
the mass-radii curves of magnetized SSs look like. On the
contrary, the γ–structure equations use both pressures
simultaneously, but they only admit small deformations
yielding a mathematical lower bound for the central den-
sity of the stars that can be solved with these equations.
We would like to remark that each set of structure
equations predicts a different qualitative behavior of the
deformation induced by the presence of the magnetic
field. This is evidence of the strong model-dependence
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Figure 4. Solutions of Eqs. (11). In the upper panel Mass vs
R,Z. In the lower panel Mass as a function of central energy
densities.
of the observables (mass and radii) and highlights the
importance of constructing still more realistic models.
Another important result is that the magnetic field
presence augments the stars’ maximum masses. When
comparing the obtained results with the observations, it
can be noticed that the maximum masses do not reach
the 2M value. However, the model can be improved by
considering a dependence of the bag parameter with the
magnetic field and adding rotation to the system.
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